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1. INTRODUCTION 
We consider here some special vector fields on a compact Riemannian mani- 
fold, from the generic viewpoint. These are obtained as orthogonal projections 
of gradient vector fields on a given distribution of contact elements and we 
call them Z-gradient fields. 
The subject was proposed by my adviser, W. M. Oliva, as a preliminary 
step for the study of a generic theory of the mechanical systems not necessarily 
holonomous [5], the Appell vector fields. In the conservative case the singular- 
ities of Appell vector fields are essentially the singularities of the Z-gradient 
of the potential energy, when the metric is given by the kinetic energy and the 
distribution by the velocity linear constraints. 
Initially we define a class of functions f such that the set of singularities of 
the Z-gradient off is a compact submanifold. We prove that such a class is 
open and dense in the space of functions with the C’ topology. Thorn considered 
the question in [12, p. 1811 and developed a Morse theory for completely 
integrable distributions, say, for foliations. 
Next we prove the Q-stability and the structural stability for small classes 
of functions when the foliation has compact leaves. The technique used in 
this section is analogous to the one used in [B] by Palis and Smale for dynamical 
systems. 
Finally, we characterize the structurally stable Z-gradient fields on M2 
(torus and Klein bottle) when the foliation is the suspension of a diffeomorphism 
of s. 
I wish to thank Cesar Camacho and Angelo Barone Neto for many helpful 
conversations. Special thanks to my adviser, Professor W. M. Oliva, under 
whose guidance this paper has been written. 
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A Portuguese version of this paper was submitted in partial fulfillment of the requirements 
for the Doctor degree in the “Universidade de Slo Paula,” Brasil, under the guidance 
of Professor W. M. Oliva. 
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2. A GENERIC PROPERTY FOR Z-GRADIENT FIELDS 
Let n/l be a Cm compact connected manifold,. without boundary, with a 
Cm-Riemannian metric ( , ), dim M = m + p, m, p >, 1. Let ,Z be a smooth 
distribution of dimension m (or a Cm m-dimensional plane field) on M. We denote 
by C’(M, R) the Banach space of all C’ real valued functions on M, endowed 
with a C’ norm, 11 llr, Y > 2. 
DEFINITION 2.1. The Z-gradient off, f E Cr(M, R), is the Cr-l vector field 
X, given, at each point x E M, by the orthogonal projection of the gradient 
off at x on the subspace Z, defined, at x, by the distribution ,Z. 
It is easily shown that f is strictly increasing along any nonsingular trajectory 
of Xf . So, we can state the following property for the Z-gradient fields, analogous 
to the one valid for the gradient flows. 
PROPOSITION 2.2. The nonwandering set Q=(f) [IO, p. 7491 of X, coincides 
with the set of its singular points. 
Call Z(M) the vector subbundle of the tangent bundle TM of M, induced 
by Z and 0: M -+ Z(M) its zero section. 
DEFINITION 2.3. A singularity (critical point) x of X, is said to be E-simple 
iff X,& O(M) in Z(M) [l, p. 451. 
Let G’ be the subset of C’(M, R) consisting of all real valued functions f 
such that the singularities of X, are Z-simple. 
The following results are consequences of transversality. 
THEOREM 2.4. Gr is open and dense in C’(M, R), Y 3 2. 
Proof. In the openness theorem [I, 18.2, p. 471 assume that A is the Banach 
space Cr(M, R), K = X is the compact (finite dimensional) Cm manifold M, 
Y is the subbundle Z(M), W is the closed (compact) submanifold O(M) of 
Z(M) and p: CT(M, R) -+ C’?-l(M, Z(M)) is the C-l representation (we see 
this in coordinates) given by p(f) = X, and the openness of Gr is shown. 
It is easy to check in coordinates that the evaluation map 
ev,: C’(M, R) x M + Z(M) 
is transversal to O(M) in Z(M). Th us, the density of Gr follows from the trans- 
versal density theorem [ 1, 19.1, p. 481 w enr-1 h >p.Ifr<p+l,takeGp+r, 
which is, by the first part of the proof, dense in Cpfr(M, R). Since Cpfr(M, R) is 
dense in C’(M, R), this finishes the proof of,2.4. 1 
Denote by V(f) the set of singular points of X, . 
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PROPOSITION. 2.5. If f E Gr, then V(f) is a CT-l compact submanifold (properly 
imbedded and without boundary) of dimension p. 
Proof. Since V(f) = X;l(O(M)) and X, m O(M), the proposition follows 
from 17.2 in [l, p. 451. g 
We know, by the transversal isotopy theorem [l, 20.2, p. 511 that if Y 2 3 
and f E Gr there is a real number E > 0 such that for g E CT(M, R) and 
Ijg -f llr < E, V(g) is P2 isotopic to V(f). However, using the implicit map 
theorem, we show a weaker result valid for Y 3 2. 
PROPOSITION 2.6. If f E Gr, r 3 2, there is a real number E > 0 such that for 
g E C’(M, R) and 11 g -f IJT < E, then g E Gr and V(g) depends C’-l continuously 
on g. 
3. ~-HYPERBOLIC SINGULARITIES 
From now on we assume that Z is a completely integrable distribution, say 
a foliation; moreover, all leaves are compact. Such foliations can be constructed 
in fiber bundles with finite structure group [2, 1.8, p. 3731 and compact base 
and fiber. 
Since Z is an integrable distribution, then, if x E M and F, is the leaf through 
x, the Z-gradient off at x is the vector obtained as the gradient, at x, of the 
restriction off to F, , that is: 
X&4 = grad(f I F,), . (3.1) 
DEFINITION 3.1. A singularity x of X, is said to be Z-hyperbolic iff it is 
a hyperbolical critical point of the restriction to the leaf F, of X, . 
We may define Z-hyperbolic singularities in the general case when 2 is not 
integrable. 
Note that if x is a singularity of X, and 
A,‘: TJL+ T&f 
is the principal part of DX, calculated at x, then 
A,‘( T,M) C Zz . 
PROPOSITION 3.2. Assume that f E Gr and x E V”(f) is a singular point of X, , 
then the following properties are equivaknt. 
(i) The linear map A,: .Z’= + ,?Yz obtained as the restriction to Z, of A,’ 
is a hyperbolic automorphism; 
(ii) the s&manifold VP(f) meets F, at x transversally; 
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(iii) the linear map A r’: T,M -+ Zz C T,M has m (algebraic number) 
nonxero eigenvalues; 
(iv) x is a Z-hyperbolic critical point of X, . 
Now, denote by Hr the subset of Gr C Cr(M, R) of all (?-real valued functions 
f such that X, has only Z-hyperbolic singularities. 
By continuity, we see that the index of a singular point of X, as a singular 
point of X, restricted to the leaf F, is constant along each of the connected 
components of the submanifold P(f) of the singular points of X, , when f E Hr. 
DEFINITION 3.3. A Z-critical element of X, is a connected component of 
the submanifold V'(f). W e say that a Z-critical element CLC VP(f) is of type 
(u, s), iff each of its points is of type (u, s) as a hyperbolic singularity of the 
field restricted to the leaf. Thus, 01 is of type (u, s) iff the linear map 
defined in Proposition 3.2 has II positive eigenvalues and s negative eigenvalues, 
x E 01. So we have u + s = m. 
A Z-critical element of type (0, m) is a Z-sink; it is a J-saddle if it is of type 
(u, s) with 1 < u < m - 1, and it is a Z-source if it is of type (m, 0). 
Now we state the Q-stability. 
PROPOSITION 3.4. Let f E Hr, then 3~ > 0 such that for every g E CT(M, R), 
with /I g - f/l? < E there is a homeomorphism 
h: Q,(f) -+ G(g) 
where Q=(f) and Q=(g) are the nonwandering sets of Proposition 2.2. The homeo- 
morphism h preserves the type of the Z-critical element. 
Proof. Choose E > 0 such that g E Gr (Theorem 2.4). Then J&(f) = V’(f) 
Qz(g) = VP(g) (Proposition 2.2). 
By Propositions 2.6 and 3.2, Part (ii), we choose a foliated tubular neighbor- 
hood [13, 3. Proposition 3.1, p. 3401 (U, I7) and a number E > 0 such that for 
every g, with jJ g -f l/r < E, then V’(g) C U and V”(g) is transversal to the 
leaves too. Then, for every x E V*(f), we set 
44 = Y, where {y} = V”(g) &F(x). 
We see that h is a continuous well-defined map and that the restriction of 
the projection l7 to V”(g) is the inverse of h. 1 
We recall that if r > 3, then Proposition 3.4 follows from the transversal 
isotopy theorem [I, 20.2, p. 511. 
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Invariant S&manifolds 
If f E H’ and 01 is a Z-critical element of X, and & is the flow defined on M 
by X, , then & is normally hyperbolic [9, p. 1871 at 0~. Recall that a normally 
hyperbolic set admits unstable and stable manifolds. That is, if Q is a Z-critical 
element of type (u, s), then the set IV‘(B) (resp. IV(a)) of the points whose 
a-limit set (resp. w-limit set) is contained in a is a C’-l smooth manifold of 
dimension u + p (resp. s + p). We call lV(or) the unstable manifold of (y. and 
W”(a) the stable one. If x E 01, call V(X) (resp. w”(x)) the unstable (resp. stable) 
manifold of x in the leaf F, . Then w”(x) (resp. w”(x)) is a foliation of l%‘“(a) 
(resp. lVs(a)) of codimension p. 
DEFINITION 3.5. If LY is a Z-critical element of type (u, s) with u > 1, 
let Q and Sz, be foliated tubular neighborhoods [13, 3. Proposition 3.1, p. 3401 
of (Y in WU (a) such that sZ,Col CO and asZ, is a compact submanifold transversal 
to the flow Qt of X, . 
We say that a!& is a fundamental domain of W”(V) and we put aQ, = D”(a). 
Similarly, we define the fundamental domain Da(~) of W*(U), when s > 1. 
We verify the next proposition in a natural way. 
PROPOSITION 3.6. Let 01 be a Z-critical element of type (u, s). If u > 1 and D”(a) 
is a fundamental domain of WU(~), then there is a Cr-l-fun&m 
such that 
t”: WU(ol) - cy+ R 
Similarly, ifs > I and D*( 01 is a fundamental domain of Ws(oc), then there is ) 
a F-‘-function 
tS: W+) - 01 --f R 
such that 
DEFINITION 3.7. Let (Y be a Z-critical element of type (u, s), u > 1 and 
DU(a) a fundamental domain. A relatively compact submanifold S” I) D”, of 
codimension 1, transversal to the flow will be called a transversal section by D” 
iff there is a map p: SU -+ D” such that (Su, D”, p, B8) is a fiber bundle with 
p-‘(x) c Fz 9 VXED~ 
and the fiber is the unit ball B8 C R”. 
As a consequence of compactness of the leaves, we can easily prove the next 
proposition. 
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PROPOSITION 3.8. If f E Hr, then it’s true that: 
(i) VP(f) n F, consists of a jinite number of points, for each x E M; 
(ii) the a- and w-limit sets of x are subsets of the leaf F, ; 
(iii) if 0~~ ,..., ak are the .Z-critical elements of X, , then 
M = i, W”(cQ) = (J wya,). 
i=l i=l 
4. STRUCTURAL STABILITY 
We are still assuming that .Z is given by a foliation with only compact leaves. 
If S, , Ss , Ss C M are submanifolds of M, we say that S, ; Ss , Ss are in 
the general position iff i.) Si Ai Sj , i f j, 1 < i, j < 3, and ii.) (Si A Sj) A Sk _ . 
for every permutation (i, j, k) of (1,2, 3). 
Denote by SC the subset of H’ of the functions f E H’ such that f satisfies the 
next condition: 
(T) Ws(4, W%j), F, are in general position, for every x E M and 
Z-critical elements oli , tij of X, . S’ is just the subset of the functions f such that 
X, is a Morse-Smale field [6, p. 3851 on every leaf. 
In this section we prove that when f E Sr, then X, is structurally stable by 
Cr-small perturbations off. 
For this purpose we use the concept of tubular families of Palis and Smale 
[8, (2.2), p. 224 and (5.2), p. 2301 with slight modifications. We follow closely 
the exposition of Reis, Mendes, and Melo [7, X.1. 
DEFINITION 4.1. Let f E Sr. If 01~ , oli are Z-critical elements of X, , then 
we say that 01~ < aj iff 
WS(cYJ n WU(t2j) # 0. 
We now prove that we have defined a partial order in Definition 4.1. To do 
this we define the following maps. 
DEFINITION 4.2. Let a! be a Z-critical element of X, , f E 9, and put 
p,,u: wqcl$ -+ 01, 
paa: W$x) ---f 01, 
defined as follows: 
and 
Pa”(X) = Y 
Pa”(X) = Y 
if x E W”(a) and {y} = ol-lim x 
if x E W8(a) and (y} = w-lim x. 
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We see easily that pm8 and p,u are onto-Cr-l-maps of maximum rank. In fact, 
p,” and p,* are the identity on a and on W”((Y) - a: and IV(a) - (Y respectively, 
they are the composite of the flow and the restriction of the projection of a 
foliated tubular neighborhood to a fundamental domain (see Definition 3.4). 
As a consequence of the transversal&y condition (T) we may state the next 
proposition, which implies that the order defined in 4.1 is a partial order of 
the set of all the Z-critical elements of X, . 
PROPOSITION 4.3. If f E S’, and 01~ , a2 are .%-critical elements of X, such that 
WE(%) n W”(wJ # O, then the restrictions of pi, and pzz to W8(q) CT W”(or2) 
are still onto-maps. 
Condition (T) also implies that if oil and (us are, respectively, of types (z+ , sr) 
and (us, ss), then 01~ < 0~s +- 01~ = ‘us or ur < us . 
Thus we can translate to X, the concepts of phase-diagram [6, p. 3861 as the 
set of the Z-critical elements of X, , of a chain connecting two Z-critical elements 
01s and OZ~ asa sequence OL,,  ctr ,..., oj of Z-critical elements such that oli-r < oli , 
1 < i <i, [6, (1.6) p. 3891. This chain is said to be of lenght j. Finally, if 
a1 < 01~ are two Z-critical elements, we define the order of 0~~ relative to 01s 
and denote by ~~Jo1r the number 71 equals to the maximum length of chains 
connecting 01~ to 01s [6, (1.7), p. 3891. 
We put E/E = 0. If 01s/cyi = 1, if S”( s) . a is a t ransversal section by a fundamental 
domain of W”(a2) and O”(ar) is a fundamental domain of Ws(q), then 
where & is the flow induced by X,-- this is a consequence of the behavior on 
the leaves. Another consequence is the following: the submanifolds WS(a) and 
Mu are properly imbedded without boundary. 
DEFINITION 4.4. If f E ST, 01 is a Z-critical element of X, of type (u, s), with 
u > 1 (a is not a Z-sink) and D”(U) is a fundamental domain of W”(ol), then a 
family of disjoint P-r submanifolds {rr-l(~)},,nU(a) is said to be an admissible 
fibration iff it satisfies the conditions: 
(a) UzEDU n-r(x) = SU = transversal section by D”; 
(b) for every x E D”, n -l(x) is an imbedded s-dimensional cell in F, , 
T+(X) n W”(a) = { } x an i ‘s a transversal intersection; d t 
(c) the map z Su + Du which sends n-l(x) into x is continuous and 
the section which sends y E T+(X) into the tangent space of n-l(x) at y is a 
continuous map from Su into the Grassmann bundle over S”. 
DEFINITION 4.5. If f E ST and 01 is a Z-critical element of X, then a collection 
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of disjoint C-1 submanifolds T = ~“(a) = {T,},,~~ of M, indexed by x in a 
foliated tubular neighborhood N” of LY in W”(a) is said to be a Z-tubular family 
of W8(ar) iff it satisfies the next conditions: 
(a) for x E 01, 72 = zus(x); (= connected component of x in W8(a) n F,); 
(b) for x E NU - a, then 7z = $--t[~&.J, where {~-~(y))~.~~(~) is an 
admissible fibration, & is the ilow defined by X, and t = t”(x) is defined in 
Proposition 3.6. 
As a consequence of the definitions of Z-tubular families and admissible 
fibrations and of the “X-lemma” [6, (3.1), p. 4001 we can state the following 
properties of a Z-tubular family 7 = ~~(01): 
(4.6) If x E NU then 7z is a submanifold of the leaf F, ; 
(4.7) 7% n W”(a) = {x} and this intersection is transversal in F, ; 
(4.8) V = UzeNu 7E is a foliated tubular neighborhood of W8(01) in ilfm+P; 
(4.9) the map: V -+ NU which sends 7z into x is continuous; the section 
which sends y E Q-$ into the tangent space of 7% at y is a continuous map from V 
into the Grassmann bundle over V’; 
(4.10) L(Tz> = T4-,(0) ? Vt 3 0. 
A system of Z-tubular families (relative to stable manifolds) for f is a set of 
Z-tubular families, one for each Z-critical element of X, . A system rks = 
~~S(%)~lCks.n is called compatible iff 
Tzi n Ty’ # @ 3 Tzci c T1/’ or T2/’ c Tzi. 
In the same way we define a system of Z-tubular families relatively to unstable 
manifolds. 
We now can state an analog of the Tubular Family Theorem [8, (2.6), p.2261 
and the proof goes in a similar way. 
THEOREM 4.11. Let f E ST, then 3~ > 0 such that: ifg satisfies 11 g -f 11,. < E, 
then there exists a compatible system of Ztubular families {Ti’}, each T,“” being a 
Z-tubular family of WB[olk(g)], where al(g),..., a,(g) are the Z-critical elements 
of X, . Moreover, the map 
u T,"(f) - ~%c(~)l~ z-q,"~(f)] 
which makes the only point of r,*(f) Ri WU[olk(g)] correspond to each y E Ts”(f ), 
is CT-l on each Tai(f) C Tsk(g). Finally we may assume that the submanifolds T,“” 
depend Cr-l-continuously with g and they do it un;formly on compact parts. 
Proof. We proceed inductively like Palis and Smale in the Tubular Family 
Theorem. The proof can be broken into two parts: 
505/24/l-2 
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Part 1. When we construct $: if 01 is a Z-sink of X, , then condition (a) 
of Definition 4.5 is sufficient to define ~/(a). 
Now assume that we have constructed q for all Z-critical elements 01~ such 
that the order of the Z-sinks of X, relative to CQ is <K - 1, and let elk be a 
Z-saddle immediately “before” according to the partial order, those 0~~. We 
shall indicate how to define 7f . ks Let J& be a foliated tubular neighborhood 
of 0~~ (disjoint of the union of the index neighborhoods A@(c+), we may restrict 
them when necessary) and SU be a transversal section by a fundamental domain 
D” = Du(c+J, such that 5 C Sz, . We will define a continuous map rr: S” + D” 
such that {+(zc)}~~~~ wr ‘11 be an admissible fibration. Take 
k-l Vk-1 = u u Q-Y 1 
elk+ u~N%x~-,,) 
where the first union is relative to all Z-critical elements q+r such that 
a&k-l = 1. 
We begin by extending to SU n V,-, the fibration of &--I lP(~l~-,) n P. 
In fact, if x E IV(ol,-,) n SU and 
L, = T;-’ n S”, 
then L, is a submanifold of F, and, if ak-r is of type (u(ol&, s(clk-J), then 
dim L, = s(o~& - 1. 
Thus, we can, restricting N”(q-r) when necessary, assume that, for 
y E vk-, n s” and L, = T:-’ n S”, 
we have that L, is a submanifold of dimension s(q-r) - 1 (note that 
s(cyk-r) - 1 3 s(olk)) and that L, n D” is a submanifold of dimension s(c++r) - 
s(+) - 1 >, 0. If dim(L, n D”) = 0, we define @-l = V,-, n SU and 
r~: Bk-l --f Bk-l n D” by: for every x E V,-, n 9, Z-(X) = z, when x EL, and 
{s> = L, n D”. If dim(L, n 0”) > 0, let (B, , pi) be a foliated tubular neigh- 
borhood of lJol,-, IV((Y~-~) n D” in u,,-, IV(or,-,) n Su and (Bk-l, p) be a 
foliated tubular neighborhood of B, in VkFl n SU. We may assume that for 
every x E Bk-I: 
(a) p, = p 1 L, n Bk-l is a diffeomorphism of L, n IF-l onto 
p(L% n B”-l) C B, n F, C W(O~~-~) n F, 
for some 01~~~ , 
(b) p(Lz n D”) is sufficiently Cl-near to W8(cuk-J n D” n F, such that the 
restriction 
plz = P, I P(L~ n D”) 
is a diffeomorphism of p(Lz, n D”) onto u/‘s(~k-r) n D” n F, . 
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Now we extend the fibration to Bk-l via these diffeomorphisms defining: 
=. Bk-1 + Bk-l n Du 
bY 
Next we consider 
k-2 
vk--2 = u (j ry , 
a,+2 YEN%~-~) 
where the first union is relative to all Z-critical elements ak-a such that 
c+/cu,-, = 2. We proceed in the same way to extend r to 
V,..., n (S” - Bk-l). 
Continuing this process through V,-, ,..., VI we have the desired r. The 
Z-tubular family of”” is finally obtained via saturation of the admissible fibration 
{+(x)}~~~~ by the flow. 
Part 2. When we determine E > 0: we begin by choosing E,, > 0 satisfying 
Proposition 3.4. Let a(g) be the corresponding for X, to a(f). We repeat the 
induction of Part 1. If a(g) is a Z-sink its Z-tubular family is defined by condition 
(a) of 4.5. Now we assume that ck-i is such that 0 < q-1 < E,, and: 
(1) if 1) g -f 11, < <k-1 we can exhibit a Z-tubular family 72 of Wy[oij(g)], 
where q(g) are the Z-critical elements of X, such that the order of the Z-sinks 
of X, relative to ai is <k - 1; 
(2) such Z-tubular families satisfying the conditions of Theorem 4.1 I and 
condition (T) relative to the general position remain valid up to this step. 
We prove that it is possible to take ek , such that 0 < fle < l ke1 and conditions 
(1) and (2) are still valid for E-critical elements 01~ relative to which the Z-sinks 
have order <k. We begin by taking ck, 0 < ck ,( Ed+ for which according 
to the notation used in Part 1, we have for every g / I/g -flj,. < ek : 
6) ak(d ’ szk i 
(ii) 9‘ is a transversal section of X, by the fundamental domain 
D”[~kk)l = s” n w”[ak(g)l; 
(iii) aW”[a,-i(g)] n SU = m ; 
(iv) condition (T) of the general position is satisfied by WU[oLk(g)], 
lV[+-i(g)] and the leaves in Su and also by saturation for t > 0. 
The last condition holds by the uniform estimates in the X-lemma [6, (3.1), 
P- 4w- 
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(v) The foliated tubular neighborhood Bk-l is still contained in the union 
k-1,s 
u u TV 
"k-1 wNU[ak--1(9)l 
and Bk-l is a neighborhood of W8[lyk--l(g)] n S” A Ykel in SU n Y,-, and the 
fibers +l(g) satisfy the same conditions of transversality in H-l that the fibers 
+l(f) were supposed to do. If dim& n DU) = 0, we stop here and ck is 
found. If dim(L, n D”) > 0, we proceed assuming more conditions: 
(vi) The restriction ofp: Bk-l --f B, C Ws(olk-l(f)) n S” to 
lV[0l,-,(g)] n Bk-l 
is a diffeomorphism p, and the restriction of pl: B, -+ UIS[q--l(.f)] n D” to the 
image 
i%{ws[ak-l~g)l n WUbk(dl n Bk-l) 
is a diffeomorphism p,, 
Then we define 
by:r, =j+p;&+p f or every g such that we have 1) g -f/l, < 6X . 
Via ng we carry to u uIs[q-,(g)] n S” the admissible fibration constructed 
forfin Part 1. To extend this fibration to B”-’ we proceed analogously to Part 1.1 
An analogous theorem can be stated for the unstable manifolds of X, . 
COROLLARY 4.12. ST is an open set of Cr(M, R). 
Proof. If f E 5” and c > 0 is given by Theorem 4.11, then the ball of center f 
and radius E of C’(M, R) is entirely contained in Sr. 1 
We now state two propositions in order to show that we can consider localized 
perturbations off. 
PROPOSITION 4.13. Let ( Ui)l~iG, be an open covering of M and 7 > 0 be 
a positive real number. Then, there exists a positive real number 8 > 0 such that 
if f E C’(M, R) and /If llr < 6 it is possible to write 
f =f1 + ... +fs 9 (4-l) 
where 
llfi /IT -=I 7) and fi = 0 in M - Vi , 1 < i < s. (4.2) 
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Proof. Let (h,)rGiGS b e a partition of unity subordinate to (U,) and M > 
maxI~i~S{j/ hi /,}. We must take 
From (4.1) and (4.2) we have that 
Xf = Xf, + ... +Xf*> (4.3) 
where 
II xr< l-1 < 71 and Xri = 0 in M - Ui , l<i<S. (4.4), 
PROPOSITION 4.14. Let f E Sr and +t be the flow induced by X, . There exist 
a number 71 > 0, foliated tubular neighborhoods Sz, = Q,[ay,(f)] of the Z-critical 
elements 01~ , 1 < k < 7, and an entire number J > 0 such that: 
(+#2,)),,i~J is an open covering of M; 
1SkS:n 
and for every g, with 1) g -f//r < 7 and every k, with 1 < k < n 
&(SZk)C$n$‘, j = 0, I ,..., J, (4.5) 
where $’ is the neighborhood of W. [a,(g)] g iven as the union of the fibers of the 
Z-tubular families. Finally, if x, y E c&(&), then 75” and T”,” intersect transversally 
in a unique point, where T!$ stands 7:” either for f or g and so stands T”,“. 
Proof. We begin with 7 > 0 satisfying Theorem 4.11 relative to the stable 
and unstable submanifolds. For every k, 1 < k < n, let Q, be a foliated tubular 
neighborhood such that 
and in DTC the fibers of -rf”” and of”” intersect transversally. 
Let M~kN~~,l ,.... J.*+ ,..., n be a finite covering of the compact manifold M. 
T:“” , $‘ being invariant by the diffeomorphism +i the proposition is true for f. 
Now, for each k, 1 < k < n, the compactness of us=,-,+&) implies the 
existence of 7 > 0 as required in the proposition. 1 
Finally, we can state and prove the structural stability. 
THEOREM 4.15. Let f E ST. Then there exists E > 0 such that if /I g -f /lr < E 
then X, and X, are topologically equivalent. The homeomorphism which sends 
trajectories of X, into trajectories of X, can be constructed preserving the leaves. 
Proof. This construction is ve.ry similar to the proof of [8, Theorem 4.1, 
p. 2281. We consider (#$&)) and 17 > 0 of Proposition 4.14 and let r]’ be given 
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by 7’ = (v/n]) > 0. By Proposition 4.13, 36 > 0 such that if /j g -f 11, < 6 
then g = f + &KJ,IS~S~ &k , II gjk IIT < rl’, &k = 0 in M - W, where W is 
an open set such that WC m C &(a,). Because structural stability is transitive, 
it’s enough to prove that if g, and g, are such that jl gi - f/IT < 7 and gi - f = 0 
in M - W, where W is an open set such that w C $j(Q,J for fixed j and k, 
0 <j < J, I < k < n, and i = 1, 2, then Xg, and Xg, are topologically 
equivalent. Let &’ and &” be, respectively, the flows induced by Xg, and X,* 
and & the continuous flow defined as 
&t(x) = ~~~[z,b>(x)] n T~~[&~(x)], when x E I’, 
= $4’(4 = Yv(X), when x E M - L’, 
where I’ = UtsR &(Q,). We define a homeomorphism hi: M---f M which sends 
trajectories of #’ into trajectories of 6 by 
The proof of the continuity of hi is analogous to the one of Palis and Smale. 
To show that h, is a homeomorphism we consider the map 
h(x) = ,‘& 1Cl&&)l? XEM 
and we also see that it is well defined and continuous. It is easily shown that 
hi = (h&r. In a similar way we construct a homeomorphism h,: M + M 
which sends trajectories of $ into trajectories of I+%“. The homeomorphism 
h = h, o h, solves our problem. 1 
5. Z-GRADIENT FIELDS ON M2 
In this section we give a characterization of structurally stable Z-gradient 
fields whose singularities are Z-simple on a two-dimensional fiber bundle 
[2, 1.8, p. 3731 with discrete structure group, when the base and fibers are S1. 
Next we prove that when there exists some compact leaf the functions whose 
Z-gradient fields are structurally stable form an open-dense subset of CT(M2, R), 
with r > 3. 
The foliated manifolds M2- that will be the torus T2 or the Klein bottle K2- 
are obtained as follows: Let # E Di@(Si). The integers 2 act on R x S by 
n . (x, t) = (x $- 2nn, 4”(t)). The foliation on R x S given by the projection 
onto the second factor induces’one on the quotient space. M2 denoted by F$ . M2 
is the torus T2 or the Klein bottle depending upon whether 4: S -+ S’ is orienta- 
tion preserving or reversing. 
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DEFINITION 5.1. A leaf F of Fh is said to be trivial iff there is an open neigh- 
borhood of F in Ma where the foliation is given by a product. 
DEFINITION 5.2. Let M2 be a smooth Riemannian manifold with a smooth 
foliation (of codimension 1). Let f E Gr C Cr(M2, R), with r > 3 and G’ as in 
Theorem 2.4. If p E M2 is a singular point of X, , we say that p is a Z-quasi- 
hyperbolic singularity of X, iff d(f 1 F,), = 0, d2(f 1 F,), = 0 but d3(f 1 F,), # 0, 
where F, is the leaf through p. 
Let J2(M2, R) denote the manifold of 2-jets of CT real-valued functions on 
M2(r > 3) and for every f E C7(M2, R), let 
j2f: M -+ J2(M, R) be the CTp2 map such that 
j2f (p) = j’f, is the 2-jet off at p. 
We define WC J2(M2, R) by 
W = i j”f, E J2(M2, R) I d(f I F,), = 0 and d2(f IF,), = 01. 
It follows that W is a closed submanifold of J2(M2, R) of codimension 2. 
If we take local coordinates in which the foliation of M2 is given as slices 
it is easy to prove the next proposition. 
PROPOSITION 5.3. If f E Gr, then p is a Z-hyperbolic singularity of X, a$ 
X,( p) = 0 and j2fp $ W and p is a Z-quasi-hyperbolic singularity s# j2f, E W and 
j2f dip W. 
Now we state the version of Thorn’s lemma for jets [ 1 I] which may be proved 
as an application of the transversality theory [I, $18 e 19, p. 46-501: 
THOM’S LEMMA FOR JETS. Let X be a CT manifold, r > 1, Y be a C2r+2 
manifold, W be a CT-k submanifold of the manifold Jk(X, Y) of k-jets of maps of X 
into Y, 0 < k < r, aY = aW = 4. Denote by 
C,* = {f E C’(X, Y) I jkfl3i W> 
and assume: (i) X and Y areJinite-dimensional; 
(ii) r - k > max{dim X + dim W - dim Jk(X, Y), O}. 
Then Cw7 is residual (and hence dense) in C”(X, Y). Moreover, if X is compact 
and W is closed, then Cwr is an open dense set in C’(X, Y). 
By Proposition 5.3 and the definition of G+’ (Theorem 2.4), we see that the set 
of the functions f E C7(M2, R) such that the set of singularities V(f) of X, is a 
submanifold (f E G’) of Z-hyperbolic points except for a finite number of 
Z-quasihyperbolic ones is given by Gr n CwT and hence it is open and dense in 
CV(M2, R). 
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DEFINITION 5.4. Let Sr C Cr(M2, R) be defined as follows: f~ ST iff 
(i) f~ G’ n C,‘; 
(ii) the Z-quasi-hyperbolic critical points are on trivial leaves and two 
of them never are on the same leaf. 
Now we can state the central result of this section. 
THEOREM 5.5. Let J) E Diffa(S1) be a d#eomorphism of S with some periodic 
point, M2 be the fiber bundle with the C” foliation F$. Let M2 be endowed with 
a C” Riemannian metric too, and f E G’, r > 3. Then, X, is structurally stable 
for CT-small perturbations off ) iff f E S’. 
Proof. Iff E Sr, take 6, > 0 such that if//g -f llr < 8, , theng E G’ n (2,~. 
IfPl ,..., p, E V(f) are the Z-quasi-hyperbolic critical points of X, , let each pj , 
1 < j < k be the origin of a local system of coordinates (xj , si) defined in an 
open neighborhood Uj’ C M2 of pj such that: 
(i) the connected components of the leaves in Uj’ are given by the 
projection (xj , Sj) -+ Sj ; 
(ii) V(f) n Uj ’ is the graph of a P-1 function sj = sj(xj) such that 
~~(0) = ~~‘(0) = 0 and s;(O) # 0; 
(iii) the set of the points of Uj’ in which a2f/axj2 = 0 is the graph of a (2-2 
function xj = xj(Sj); 
(iv) in Uj’ the graphs of sj = sj(xj) and xj = xj(si) intersect only in the 
origin and they do it transversally. 
Take 6, , 0 < 6, < 6, and neighborhoods Uj of pi, j = l,..., k such that: 
Uj C Qj C Uj’ and for every g with l/g -f j/r < 6, the next conditions are 
satisfied: 
(i) uj is contained in the neighborhood of the leafFPj in which the foliation 
is trivial and the leaves by points of nj do not cut ui , for i # j, 1 < i, j < k; 
(ii) Pg/axj3 f 0 on Uj and the curve ag/ax, = 0 and the curve 8sg/axj2 = 0 
are graphs of, respectively, C-l and CTm2 functions. Such graphs intersect only 
in one point pj(g) in oj and this is a transversal intersection. 
Thus, the points of V(f) that are not in the union of the Ul form a finite 
union of compact arcs (with or without boundary) and these arcs are transversal 
to the leaves. Let B be a foliated tubular neighborhood of these arcs and 6, 
0 < 6 < 6, be such that if 11 g - ,f I/? < 6, then the points of Vi(g) that are not 
in the union of the Uj form a finite union of compact arcs that are contained in B 
and transversal to the leaves. 
We point out that if //g -f lll. < 6 then also g E Sr. Now, fix a function g 
such that jl g - f jlT < 6. We are going to construct a homeomorphism 
h: M2 ---f M2 which sends trajectories of X, into trajectories of X, . We begin 
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defining a homeomorphism r;i between the curves Pf/axj2 = 0 and Pg/axjz = 0 
in each i7j such that: p, is sent into pi(g); the signs of aflax, and agjax, are 
the same in corresponding points and at both extremal points this homeomor- 
phism preserves the leaves. The homeomorphisms hi set a correspondence 
among the leaves that cut the union of the r;lj ,j = l,..., k. The homeomorphism 
h will preserve the leaves that would not cut the union of lJj and will respect 
the above correspondence on the leaves that would cut this union. Finally we 
define h in Dj sending the curve af/ax, = 0 into the curve agjax, = 0 
according to the correspondence given by 5 and such that the signs of @f /axj2 
and a2g/axj2 are the same in corresponding points. We proceed defining h in 
V(f) n B as follows: if p E Z’l(f) n B, h(p) = V’(g) n (the connected 
component of p in F, n B). 
We extend h conveniently using the ratio of arc length. In fact, notice 
that if p is a regular point of X, , then p belongs to a compact arc of F, whose 
boundary is in Z’l(f). We see that h is a homeomorphism and sends trajectories 
of X, into trajectories of X, . 
Reciprocally, suppose that f E Gr and there exists 6 > 0 such that if 
/Ig -f IIT < 6 then X, and X, are topologically equivalent [8, 5, p. 2301, we 
want to prove that f E Sr. Since there exists g E G7 n C,r such that jl g -f/l, < 6 
we conclude that V(f) has a finite number of points p, ,..., p, , that are 01- 
and w-limit sets of trajectories and a finite number of arcs each of them being 
like a Z-sink or a Zsource. We may prove that all pj are Z-quasi-hyperbolic 
critical points. In fact, if 1 < j < k, and pj is the origin of a local system of 
coordinates (x, s) defined on the neighborhood Ui of pj , we define functions g, 
for cy E R such that: if d3(f / FD,Jvj = 0,/l g, -f/jr + 0 and Xg, presents K + 2 
singular points that are CL- and w-limit sets of trajectories, which contradicts 
the hypothesis of structural stability (it suffices to consider local perturbations 
like “x”). 
Similarly, we prove that if p, E V(f) - {p, ,..., pl,} then p, is Z-hyperbolic. 
In fact, if p, were not Z-hyperbolic, with local perturbations of type cvx2 in a 
neighborhood of p, we would construct g, such that l/g, -f IIT + 0 when 
(y. + 0 and X, would have k + 2 Z-quasi-hyperbolic points. To conclude 
the proof we must show that the leaves F,, are trivial and different one from 
another. If (x, s) is a local system of coordinates in the neighborhood U of pj 
such that: p, # U for i # j, the connected components of the leaves in U are 
given by the projection (x, s) + s and pi is the origin of the system, we define 
&(x, s) = (x, s - a) in a neighborhood of pj and we construct g, using local 
perturbations likef 0 4, . It is possible to obtain g, arbitrarily CT nearf and such 
that Xg, presents the Z-quasi-hyperbolic point pj(g,) in the leaf s = a: instead 
of the leafs = 0. This is sufficient to prove the theorem. 1 
THEOREM 5.6. With the same conditions of Theorem 5.5 about M2 and 4, 
the set Sr is open and dense in Cr(M2, R). 
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Proof. By Theorem 5.5, ST is open. Thus it suffices to prove that Sr is dense 
in Gr n C,r. And this follows from the fact that if a leaf is not trivial, then it is 
aproximated by trivial leaves; this is a consequence of the orbit structure of 4 
in S [3, p. 43-501. Local perturbations of type f 0 & that we have used in the 
previous proof end the question. 1 
If the diffeomorphism #E Diffm(S1) d oesn’t have any periodic point, then 
the fiber bound is the torus T2 and the foliation F$ is ergodic (every leaf is dense 
in T2)--this is also a consequence of the orbit structure of Z,/J in S [3, Proposi- 
tions 2. and 3. of Chapter 1, pp. 38, 391. 
Theorems 5.5 and 5.6 don’t hold. Instead, we can state the following. 
THEOREM 5.7. If 4 c Diffm(S1) has no periodic points and the torus T2 is the 
torus with the foliation F4 and f E G7, then X, is structurally stable if f E Hr; 
(that is V(f). contains only Z-hyperbolic points). Moreover, HT is not dense in 
C+(M2, R), r 2 3. 
Proof. The first part is a consequence of the following facts: 
(1) If f E G’ and j2f m W in J2(M2, R), then the number of the points 
p E M such that j2f, E W is even (we may verify this by the study of the variation 
of the sign of df (Y) along V(f), where Y is the vector field defined on T2 as 
the “suspension of the diffeomorphism I/” that is, Y is the vector field obtained 
as the quotient of the vector field (1,O) defined on R x 9). 
(2) If p, Q are such that jzfp , j2fg are in W, then through local perturbations 
of type f 04~ as in the proof of Theorem 5.5 in a neighborhood of p, we may 
construct functions gal such that Xg, has the correspondent point to p on the leaf 
F, or on another leaf, for g, arbitrarily C-near f. Reciprocally we prove that if 
f E H’ then X, is structurahy stable by taking a foliated tubular neighborhood B 
of V(j) and constructing the homeomorphism h analogously to which we have 
done in proving Theorem 5.5. 
Finally, we prove that H* is not dense exhibiting a function f such that 
jzf m W and j2f (M) n W # O. We start by a local function in the coordinates 
(x, s) defined as: 
g(x, s) = f + xs2 - x. 
Thenj2g(o.l) , i2gm E W andj2g &I-~) W i2g 4~1) W. 
We extend g to M2 and we approximate g by a function f satisfying the 
required conditions. This concludes the proof. m 
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